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Abstract In this paper, we give an example of a chiral 4-polytope in pro-
jective 3-space. This example naturally yields a finite chiral 4-polytope in
Euclidean 4-space, giving a counterexample to Theorem 11.2 of [8].
1 Introduction
Abstract polytopes are combinatorial structures that resemble convex poly-
topes. Of particular interest are those with high degree of symmetry, together
with their realisations in euclidean spaces. Regular polytopes have maximum
degree of symmetry, with their automorphism group being as bis as possible.
Chiral polytopes have maximum possible rotational symmetry, but no reflec-
tions. (See [9] for formal definitions of these concepts.)
A finite (abstract) n-polytope is said to be of full rank if it can be realised
in euclidean n-space. In 1977 Gru¨nbaum ([7]) gave the list of the finite regular
18 polyhedra of full rank and a few years later Dress ([4,5]) showed that the list
was complete. Regular polytopes of full rank have been studied by McMullen
in [8]. Theorem 11.2 of the same paper claims that there are no chiral n-
polytopes of full rank. In [10,11] Schulte independently proved this result for
n = 3. Here paper we give a counterexample to the theorem, for n = 4.
Our approach follows [2,3], where a vertex-transitive realisation of a finite
polytope in Rn+1 naturally corresponds to a projective polytope in Pn. Hence,
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to give a chiral 4-polytope of full rank we construct a chiral 4-polytope in the
projective space P3.
2 A chiral 4-polytope in P3
In this section we construct a chiral 4-polytope of Schla¨fli type {4, 3, 3} [9, pp.
29, 30]. To this end, we start by considering the complete bipartite graph K4,4.
As it is shown in Figure 1, we can colour the edges of K4,4 with 4 colours in
such a way that two edges of the same colour are not incident, so that each
colour induces a perfect matching in the graph. We label the vertices of the
graph v0, v1, v2, v3, u0, u1, u2, u3 as in the figure.
u0 u1 u2 u3
v3v2v1v0
Fig. 1 The graph K4,4, with the edges coloured with 4 colours.
It is not difficult to see that with the colouring of K4,4 given in Figure 1,
we can obtain a colourful 4-polytope P in the sense of [1]. In fact, the 2-faces
of P are the cycles of K4,4 that have exactly two colours. Hence, each of the
alternating squares of two given colours is a 2-face of P. The facets of P are
defined by the subgraphs coloured with exactly tree colours. Then, we can
see that P has 4 facets and each of them is a cube. (In fact, we observe that
the graph Q3 of the cube is precisely K4,4 minus a perfect matching.) The
automorphisms of P are all the colour respecting automorphisms of K4,4, that
is, all the automorphisms of K4,4 that induce a permutation on the colours
(see [1]).
Therefore, P is isomorphic to the hemi-hypercube {4, 3, 3}/2 shown in Fig-
ure 2, and hence we can think that P lives in the projective 3-space. (Recall
that the hemi-hypercube in P3 can be understood as the quotient of the hy-
percube {4, 3, 3} in R4 by the central inversion of R4 that identifies antipodal
points of the hypercube. In fact the vertices of {4, 3, 3}/2, in homogeneous
coordinates, have all entries ±1, and the edges are the geodesics between two
vertices that differ in one entry. Furthermore, the four colours of our embed-
ding of K4,4 correspond to the four coordinates, or directions.) Observe that
there is an edge between opposite vertices of a given facet of {4, 3, 3}/2. In fact,
the edge has precisely the colour that is missing in that cube. (See Figure 2).
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v3
v2
v1
v0
u0
u1
u2
u3
Fig. 2 The regular colouring of K4,4 in P3.
It is well-know that the hemi-hypercube {4, 3, 3}/2 is a regular 4-polytope in
the projective space.
It is well-know that the hemi-hypercube {4, 3, 3}/2 is a regular 4-polytope
in the projective space. Note that symmetries of the hemi-hypercube corre-
spond not only to the colour respecting automorphisms of the graph, but also
to the isometries of P3 that preserve the graph.
Now, consider the graph K4,4 embedded in P3 as fixed, and observe that it
admits two chiral colourings as in Figure 3. They are combinatorially equiv-
alent to the colouring of Figures 1 and 2, because all its bi-coloured cycles
are squares. (In fact, they correspond to the Petrie polygons of the hemi-
hypercube).
u3
v3
u0
v1
v0u1
v2
u2
u1
v1
u3
v2
v3
u2
v0
u0
Fig. 3 The two chiral colourings of of K4,4 in P3.
A simple inspection shows that the two chiral colourings have the following
properties: (a) each colour has an edge in each direction (is transversal to the
regular colouring), and (b) each 2-face of the regular hemi-hypercube has the
four colours. It is not hard to see that any of these properties defines the chiral
colourings
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We now analyse these new 4-polytopes. It should be clear that what we
say about one of them can be similarly said about the other, and hence we use
the one on the left of Figure 3.
As before, we regard this new 4-polytope Q as a colourful polytope: the
2-faces of Q are the cycles of exactly two colours and the facets are determined
by the subgraphs with exactly 3 colours. Hence, we see that the 2-faces are
again 4-gons, that we see now as helices in the projective space (see Figure 4).In
fact, each of the 2-faces of Q corresponds to a Petrie polygon of P (see [9, p.
163]).
v3
u2
v0
v1
u3
u1
v2 u0v2 u0
v3
v0
u2
v1
u3
u1
Fig. 4 A 2-faces and a 3-face of Q.
We note that the edge colouring of K4,4 in Q is the same as its colouring
in P. Hence P and Q are combinatorially isomorphic. On the other hand, the
2-faces of Q are Petrie polygons of the hemicube P and vice-versa.
Theorem 1 Let Q be the 4-polytope of type {4, 3, 3} in the projective space
constructed above. Then Q is combinatorially isomorphic to the hemi-hypercube
{4, 3, 3}/2 and geometrically chiral, with geometrically chiral facets.
Proof The 1-skeleton of Q is exactly the same as the 1-skeleton of the hemi-
hypercube P and every isometry of P3 that preserves such graph is a symmetry
of P, then every symmetry of Q is a symmetry of P. Recall that P has 192
symmetries.
We first note that all 4-fold rotations of the central cube in the left part of
Figure 3 preserve the coloration by cyclically permuting the four colours. It is
also true that the rotation around an edge is a 3-fold rotation that preserves
the colouring by cyclically permuting the three other colours. In particular, the
symmetry group of Q contains the rotation subgroup of the central cube and
acts transitively on the cubes of P. Consequently, all 96 orientation preserving
elements of the symmetry group of P belong also to the symmetry group of Q.
Observe that the reflection with respect to the plane perpendicular to the four
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edges with a given color in the regular colouring (Figure 2) does not preserve
colors in the chiral colouring and hence, it is not a symmetry of Q. This implies
that Q has precisely 96 symmetries.
It only remains to verify that these 96 elements are precisely the combina-
torial rotations of the colourful polytope Q. We observe that the stabilisers of
a pair consisting of incident 2-face and 3-face are generated by the twist along
an axis of the (helical) 2-face (note that this twist preserves the coloring). For
example, the stabiliser of the 2-face in Figure 4, as permutation of the vertices
of Q, is (v0u0v1u1)(u2v2u3v3). Furthermore, the stabiliser of a pair consisting
of incident vertex and 3-face is generated by the 3-fold rotation around the
edge of Q containing the vertex, but not contained on the 3-face. Finally, the
edge pointwise stabiliser is generated by the 3-fold rotation around that edge.
Following [12, p. 495], this implies that Q is indeed chiral.
The arguments on the previous two paragraphs also imply that the facets
are geometrically chiral.
We end this section by pointing out that the two enantiomorphic forms of
Q are indeed the two polytopes arising from the diagrams in Figure3.
3 Finite chiral 4-polytopes in R4
In the previous section we gave an example of a chiral 4-polytope Q in P3. We
now take the double cover Qˆ of Q, in the sphere S3 ⊂ R4.
Fig. 5 The colourful polytope Qˆ.
Each of the vertices and edges of Q lift to two copies of them, and K4,4
lifts into the graph G, the 1-skeleton of the hypercube {4, 3, 3}. We label the
vertices of G as v˜ and −v˜, where v is a vertex of Q in such a way that the sets
of vertices {v˜ | v ∈ V (Q)} and {−v˜ | v ∈ V (Q)} are the sets of two disjoin
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cubes of {4, 3, 3}. The 4-gons of Q lift into 8-gons of Qˆ, implying that Qˆ has
Schla¨fli type {8, 3, 3}. Figure 6 shows a 2-face of Qˆ and its two incident facets.
Each of the 4 facets is of type {8, 3}, has 16 vertices, 24 edges and 6 faces.
We note that Qˆ is again a colourful polytope and hence every symmetry of
Qˆ induces a permutation of the colours of the graph G. Using Figure 5 it is
straightforward to see that Qˆ is not regular.
-u2 -v1
u0v2
-v0
u1
v1
-u0
-v3
-v2
-u3
-u1
v3
u2
v0
u3
-v3
-u2
u2
v3u3
-v2
v2
-u3
-v1
-u1
u0
v0u1
-v0
v1
-u0
-u0
-u1
-v1
u1
u0
v1
-v0
v0
Fig. 6 A face of Qˆ and its two incident facets
Finally, the polytope Qˆ is chiral. This can be seen with arguments analo-
gous to those in the previous section, using the symmetry group of the 4-cube
{4, 3, 3} instead of that of the hemi-cube. Furthermore, it is not difficult to
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see that the 2-faces of Qˆ are helices in R4 and that the stabiliser of the pair
consisting of the 2-face and any of the 3-faces in Figure 6, as permutation of
the vertices of Qˆ, is
(v˜0, u˜0,−v˜1,−u˜1,−v˜0,−u˜0, v˜1, u˜1)(u˜2, v˜2,−u˜3, v˜3,−u˜2,−v˜2, u˜3,−v˜3),
implying that the 1-step rotation in that 2-face is also the 3-step rotation in
the other red-green 2-face. Hence, the two components of the above isometry
are a 1-step 8-fold rotation followed by a perpendicular 3-step 8-fold rotation.
We have established the following theorem.
Theorem 2 The polytope Qˆ is a chiral 4-polytope of full rank.
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